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The PhD work by Aidos Shakir was devoted to the study of inverse and direct problems
for nonlinear Kelvin-Voigt equations. Kelvin-Voigt equations, today best known as Navier-
Stokes-Voigt equations, is an emerging area of research in the field of Mathematical
Fluid Mechanics, as evidenced by the more than 800 works published in the last 5 years
(according to MathSciNet). Aidos Shakir’s PhD Thesis is divided into 4 main chapters
(Chapters 4-7), in addition to introductory and concluding chapters. Chapter 1 is about
normative references, in Chapter 2 the candidate writes the introduction to his work, in
Chapter 3 the candidate collects some auxiliary results that shall be used in the sequel,
whereas in Chapter 8 the candidate writes the conclusions to his work. Chapters 4 to 7,
which contain the main results of this work, will be outlined below.

In Chapter 4, the candidate studies the following Navier-Stokes-Voigt problem with

memory term,
t
(1) ui+@-VYu=ft)g-Vp +vAu +xAu; +f K(t-s)Au(s)ds in Qr,
0

2)  divu=0 in Qp,
(3) u=ug in Qx{0},
(4) u=0 on Irp,

where Q7 = Qx[0,T1, being Q< R?, d =2, a bounded domain, with its boundary denotes
by 8Q, and I'r = dQ %[0, T']. The used notation is the following: (u1,...,u4) is the velocity
field, p is the pressure, v is the kinematics viscosity, x is the relaxation time, the kernel
K of the memory term f.f K(t - s)Au(s)ds represents a physical property related with
the non-Newtonian character of the fluid, and the function f describes the intensity of
the forces field g. The presence of both the memory term and the relaxation term in
the momentum equation (1) makes this equation of hyperbolic type. In this chapter, the
candidate considers the following overdetermination condition

(5) f u(t)-wdx = e(t), te[0,T1,
Q

where e(t) accounts for a measurement data representing the average velocity on the
domain Q, and w is a given function representing the type of device used to measure
the velocity. For all the problems resulting from the combination of the equations (1)-(4)
with the overdetermination condition (5), the candidate establishes the existence and
uniqueness of weak solutions, as well the existence of strong solutions.
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In Chapter 5, the candidate proceeds with the study of the problem (1)-(4), but
subjected now to the following overdetermination condition

(6) f ut) - w+xVu(t): Vodx = e(t), tel0,T].
Q

In this case, the candidate also establishes the existence and uniqueness of weak solutions
for the associated problems. The issue of existence of strong solutions for these problems,
1s also analyzed by the candidate her

Chapter 6 is devoted to the study of an inverse source/sink problem for a nonlinear
pseudoparabolic equation with p-Laplacian diffusion and damping term, described by the
following system of equations

(7) ur—Auy—div(IVulP2Vu) =y lul’2u+ f()g in Qr,
(8) divue =0 in Qr,

9) u(x,0) = ug on {0}xQ,

(10) u=0 on TI7p.

In this chapter, the local and global in time existence and the uniqueness of the weak
solutions to the problem (7)-(10) is proven under an overdetermination condition of the
type (6). The candidate consider, in this chapter, the case of a source, with Y >0 in the
r.h.s. of (7), as well the case of a sink that corresponds to Y <0 in the r.h.s. of (7).

In Chapter 7, the candidate studies an initial-and boundary value that describes
density-dependent flows of viscous fluids with elastic properties. The problem is governed
by the following nonhomogeneous Navier-Stokes-Voigt system

(11) (pu) +div(pu®u) = pf = Vp + pAu +x Au, in Qr,
(12) divu =0 in Qr,

(13) p:+div(pu)=0 in Qr, p=0 in Qr,

(14) pu = pouy, P =pPo in {0} xQ,

(15) u=0 on Tp.

The main novelty of this chapter is the hypothesis that, in some subdomain of space,
there may be a vacuum at the initial moment, that is, the possibility of the initial density
vanishing in some part of the space domain. For the associated nonlinear initial-and
boundary-value problem (11)-(15), the candidate proves the global-in-time existence of
strong solutions (velocity, density and pressure). It is also establish some other regularity
properties of these solutions and are found conditions that guarantee the uniqueness of
velocity and density.

The Navier-Stokes-Voigt equations studied by the candidate in this thesis govern
incompressible fluid flows with elastic properties under different flow conditions. Therefore,
this thesis constitutes an important contribution to state of the art in the area of
Mathematical Fluid Mechanics. The diversity and complexity of the mathematical problems
studied in this thesis show that the candidate has a good command of Functional Analysis
techniques that allow him to study these problems from the point of view of Mathematical
Analysis. To study these problems, the candidate also had to understand very well the
modeling of the original Fluid Mechanics problems and how to obtain these systems of
equations from the Classical Principles of Mechanics.

Most of the work that gave rise to this thesis has been published, or is in the process of
being published, in Scopus Q1 or Q2 quartile journals. I am aware that the candidate has
also presented his work at several renowned scientific meetings, both in Kazakhstan and
abroad. Moreover, from March to May 2023 the candidate completed an internship at
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of the Algarve, Portugal, under my guidance. During this period, the candidate
new work that is still in progress and is not contained in this thesis. This shows
the candidate sees the PhD as the beginning of his research career and not as an

CS.
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Ynmitkep: [akip Aitnoc T AHM>KaHYJIb

PhD muccepramnms TaKbIPBIObI: CBISBIKTHI enec Kennsun-Poiirt TeHJeyiepl yuiH kepi
’K9HE Typa, ecenrep

Mamannik: 8D05401 — Maremaruka

lekip Aiiytocrein, PhD AUCCCPTALMSAIIBIK 2KYMbICHI Keibsun- Doy TCHJCYJICP] YILIIH
KOHDLITaIl Kepi >kare Typa eCelTePAl 3epTTeyre apHaJITall. Kenosun-Qoiirr Teraeysepi
Oyrinri tansa Hagbe-Croxe-Doiirr TEHJICYJIEP] JICI'CH aTICH GesHris, By cyitbikrap me-
XAINKACDIIBIN MATeMATHKACDI CATACHILIATDI ZKalla 6arnIT 6OJILIT TaOLLIAJLL, Orall CONrLI 5
kbla 800 acram ZKYMBICTBIH »KapK Kepyi Jo.1e1 6014 ajtanpl (MathSciNet mouineri boii-
oina). [oxip Atinocroir PhD AUCCEPTALUANDLIK 2KYMDICHI Herisri 4 GemimMien (4-7 Gomim-
Jiep), coHmaii-ax, KIpICIIC YKoHC KOPBITBIHIBI GesTiMacpacH Typazuel. YMiTKep 1-6esmimme
IIOPMATHBTIK CiITeMeTepai KeNTipin, 2-6emiMue AUCCEPTALUAILIK KYMDICKA Kipicie ska-
3bI, a1 3-6eTiMIe Heri3r KoneKi HOTHKEJICPIC TOKTAJIBII, COHFLI 8-6emime JuccepTa-
OUATBIK YKYMBICTBI KODBITHIH IBIMEH Tyhinneiini. Temenne ANCCEPTAIMABIK, XKYMBICTHIH
HCTi3ri 4-7 Gemin/icpine cnmaTTana, 6epiie.

4-Geminmme ymitkep UHTErpo-auddepennna bk Hasbe-Croke-@ofirr TeHJeyJIepl Yz
KeJlecl ecenTi KapacTbipa bt

t
(1) ut+(u-V)u:f(t)g—Vp+vAu+KAuz+f K(t-s)Au(s)ds, (x,t)eQr,
0

(2)  divu=0, (%,t) € Qr,
(3)  u=uy, x € QO x {0},
(4) u=0, (x,t)eTp,

MYHJAFel @1 = Q x [0, 7] [MIMHIPMK 06eic, an Q c RE. d > 9 IeHearen ob/IbIC JKoHe
0Q) oHBIH HI€Kapacol, corbiMen Gipre I'p = 9Q x [0, T] wunmunprin Oyifip 6eTi, conpinen
KaTap (u1,...,uq) CYyHBIKTLIN “KBULIAMABITBIH, p CYWBIKTHIH KbICHIMbIH. V KHIHeMaTHKa-
ABIK TYTKDLIPJIBIKTBI, K CYHBLIKTLLIL PeTaKCalis yaKLITLIIT KoIe fot K(t-s)Au(s)ds xocpi-
AFBINBIHNAPDT K e3eri cyHbIKTapany HBIOTOHIBIK eMCC KACHCTIH, an g CBIPTKbBI KYIITCD
epicinzeri £ dbynkmuscn HHTeNCUBTUIKTI CHIIATTAN1LI. Eckepep skaitr, (1) mvmyine Ter-
JCYIHIE MHTerpajablk KoHe PCIAKCAUATBIK KOCBLIFBIIITHIH, OOTYBI UMITY/IBC TCHACYIH
TUIIepOOTAIIBIK, THITTI TeRAeyre afnaaappansl. Byr Geminvme YMITKep Keseci HHTerpaJi-
ABTK KOCBIMITTA MAPTTH KAPACTBIPA,THI,

(5) f u(t) - wdx = e(t), e, T,
9

MYH/iarel e(t) dyHkuusics Q o6ibie Bolibitina oprama ZKbLIIAMAUBIKTbL 2KOHC (0 AKbL/IAM-
ABIKTEI 6JIIIEYTe apHalral KYPLLIITHIIBIT T Oinaipeni. By Gemivze ymiTKep (1)-(4)
TeHICYICpAlH (5) KochiMIa ITaPTICH KOMOHHAILMSCHI apKbLTbI KCPI CCCITI alIbll, OHBIN

OJICI3 2Kome oy mernrinaepirin 6ap GomynIn xore ZKa/TLI3ABITLI J0JIe I Iererl.
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5-Oemimae yaitkep (1)- (4) Tesaeymepain
(6) f u(t) w+xVu(t): Vodx = e(t), tel0,T].
Q

KOCBIMIIA MIAPTIICH KOMOMHAILMACH! aPKBLIbI KEPi CCell KAPACTBIPBIIL, OHBIH /13 8/ICI3 FKOHC
oMl mremiMAaepinid 6ap GOJIYBIH KOHE KA IFBI3BIFBIH TYZKbIPbIM/ATaH.

5-0e/tiMJie YMITKED OH Karbl ChI3BIKTBI CMCC mynies p-Jlamnacnaser neepronapabo-
JaJIBIK TEHJEY YIIIH Kepi eCenTi KapacThIpaabl, OHbIH KOMBIIBIMBI KeJleci TYpre ue

(7) ut—Aut—div([Vulp_2Vu) =y|ul”‘2u+f(t)g in Qr,
(8) dive =0 mn Qr,

(9) u(x,0) =ug on {0} xQ,

(10) o= on Ip.

Byx Geminze (6) xocwivma maprnen koitsutran (7)-(10) ecentin aicis memriming VaKBbIT
OOMBIHIIA JIOKAIBI JKoHE TI06aJIIbl Oap OOIyBI MEH KaJFBI3IBIFBI IaJesaeHen. Afira
KeTy KepeK, YMITKEP OH »KaKTarbl CLI3LIKTHI MYIIeHIH y > 0 Kesje JKBLIY Ke3i Gosran
HarJaiapl, conmait-ax y < 0 Gosran ke3ae abcopbdims Goran JKarJalapl KapacThIpraH.

7-GemiMzae auccepraHT GIPTEKTI enec 971aCTUKAJIBIK KacHerTepre Me CYHBIKTAp YIIH
Hapbe-Croxc-Qotirt Tenmeynep »xyitecine KOHbLIFAH Keseci 6aCTalKbI-IIETTIK KaPaCThI-
pajip

(11) (pw)+div(ipu®u)=pf —Vp+plhu +x Au, n Qrp,
(12) divu =0 in Qr,

(13) p:+div(pu) =0 in Qr, p=0 in Qr,

(14) pu = polyg, = Py in {0} xQ,

(15) u=0 on TI'p.

By 6eninge kericTikTimg Kefb1p imKi 06/1bICTapbIHAA GACTAIIKBI THIFBI3IBIKTHIH HOJIIE TEH
KeslHje FaHa MYMKIH GOJIATBIH GaCTAIIKBI HMIIV/IBC MOMEHTIHIH BaKyyMre affHaJIy zKar-
Jlaibl HETi3rl epeKIIeiK eKeHiH aitTyra 60Jiabl. Ywmitkep (11)-(15) CBI3BIKTBI enmec ecer
YIIIH O/ MeTMHIE, (3KBITIAMIBIK, THIFBI3/IBIK AKoHe KBICBIM ) YAKBIT OOHBIHIIIA TT00AIB]
Gap 6osybl maengerer. CoHbIMen KaTap, o/l WenniMaepais Kelbip peryiisp KacueTTepi
MEH Ka/IFBI3/BITBIHA KEIIIIK GepeTiH maprrap opHaThLIaIbL.

YMITKep 3/1aCTHKAJIBIK, KACHETTEPIe Ue ChIFbLIMATHIH CYUBIKTBIKTaP/IbIH KO3FAJIbICHIH
cunaTTaiiTeie Hasbe-Croxe-@oiirt Teneynepin op TYPJIl arblH JKarJaifblHIa 3epTTereH.
Conupikran Aa Oy/1 JuCCepTAlUsAIbIK ZKYMBICTBIH HITH2KEJIePl 3aMaHayl CYHbIKTBIKTAD
MEXQHNKACDI TCOPHSACHIHA Y/Iecl yiKeH 60bin Tabblaagsl. Ochbl IHCCepTaisIbIK KYMBICTa
SEPTTE/INCH MATeMATUKAJIBIK eCelTep/IiH, dpTYPJIIri MeH Kypesiiiiri YMITKeDJIiH Kapac-
TBIPBLIFaH ecenTepil MaTeMaTHKAJIbIK TalIay TYPFLICHIHAH 3epTTeyre MyMKIH/IK 6epeTin
bYHKUHOHAILIBIK TaJIaY 91iCTepiH JKAKCHI MeHrepresin kepcereui. Conbimen 6ipre, Gy
eCeNTepIl 3epTTeysle yMiTKepre CyHLIKTAp MCXallMKACBIILII] TeJCYIePIN MOoIenaey T
KOHE MCXaHUKAHBIH KJIACCUKAIIBIK [IPUHIMIITEPIHEH OCHI TeHIeyIep »KyHecin aJLy YKOJIbIH
OTE 2KaKChI Tycillyl Kepek HOJLILI.

By muccepranusiisik, sky MbICTBIH HOTHYKCIICPL Backim Geitiri Scopus Gazaceirarsr Q1
memece Q2 KBapTI/L Ky pHaLIapLIa ZKapHdJIaliral lieMece >KapHusiiaiy yeTige. Y mit-
KCP 63 ACYMbICBIHBIH HoTHrKe/IcpIMeH Kazakcrania Ja, weresie e GipHeLIC ATaKThl Fbi-
JIBIMU KOHQEPENIUATAP/AA YCLIBUILI, TaIgay oTTi. CombMer KaTap, yMiTKep 2023 Kblj-
ABIH HayDBISBIHAH MaMbIPbIHa, ACHIH MCHIH »KeTeKumirimyen [lopTyranusaiarsr Anrapse
YIHBEPCUTETIIAe TarbuibiMAaMagaln oTTi. OChl Kesele KalImmaT o Je asgKTaTMarall



JKoHe OCbI THCCePTAIlsAIBIKK KYMBbICTa KaMTBLIMaFraH “KaHa ecernTi GacTabl. by yMIT-
kepain PhD mepexecin Kefiblp aKa1eMUAIbIK TajanTap/ibl OpbIHIay VIl eMec ©31H1H FbI-
JIBIMU MAHCaOBIHBIH, Oachl peTiH/le KapacThIPaTbIHBIH kepcerei. OCbIHBIH OapIIbIFEI VImiH
muccepranT lakip Aitmoc Fanmkamyisr MaTeMaTHKa MaMan b bIHBIH dumocodus IT0K-
TOPBI aTarblHa JafbIK JeTreH MiKipAeMiH.

Kouibl »KeHe Mep 0ap

16.10.2023



Men, Kemxeraepa J[uama Cepuxbonosna, WIH 890416450513, (ren xKyxar Ne
037494459, Kasakctan PecnyGnukacoineie [mki Ierep Mununctpiiriven, 02.02.2015 kputst
6epinren, 01.02.2025 xbutFa nedin xapamsl), 6y KYKaT TYITHYCKAIbIFbIHA COHKECTITIH JKOHE

JIYPBIC ayJapFaHIbIFbIHA KOJIBIMIBI KOUBIN PacTadMEbIH.
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oH anTemHmLl Kaszad 2023 xeu1, MeH MycaraeBa Ailirepum MaxkcaTtoBHa, Ka3zaxkcran
Pecnybnmkacel Ofiner MUHUCTPIITIHBIH Oepinren No21015147-cansl 15 coyipae 2021 Xbuisl
JIMTIEH3MSCHIHBIE HETI3iH/Ie opeKeT jKacaymibl AJIMaThl Kajachl HOTapHyChl ayldapMallbIHbIH
Kemxkeraesa JImana Cepux00/ioBHA  KOJBIHBIH  TYNHYCKAJIBIFBIH  KyoJIAHIBIPAMbIH.
AynapMaIIBIHEIH JKeKe 6achl aHBIKTANIIBI, SpeKeT KabileTTiir )koHe oKiNeTTiNIr TeKCepii.

Tizimimae No 6988 TIpKeJi
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